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Alignment Tolerance of a Dielectric Membrane in a Fabry-Perot Cavity
Thesis directed by Prof. Cindy Regal
Membrane-in-the-middle cavity optomechanics is the study of the interaction between a
standing electromagnetic wave formed by a Fabry-Perot cavity and a thin membrane of optical
material inside the cavity. Tilting the membrane relative to the cavity optical axis changes the
cavity finesse and shifts the mode frequencies. This thesis describes a theoretical perturbative
approach to modeling the tilted-membrane optomechanical cavity and an experiment designed to
investigate the effects directly.
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Chapter 1
Introduction
Cavity optomechanics is the study of the interaction between optical fields and mechanical
resonators [1, 2, 3, 4]. Specifically, we are interested in the coupling between the electromagnetic
standing wave inside a Fabry-Perot and the mechanical system, which in the system discussed in
this paper is a thin dielectric membrane [5]. Research in cavity optomechanics is often related to
membrane cooling [6, 7, 8], observing quantum noise [9], and measurement at the standard quantum
limit [10, 11].
As precision in recent experiments has increased, an important question has arisen in op-
tomechanical cavity design: what happens when the dielectric membrane placed inside the cavity
is tilted relative to the cavity’s optical axis? The Regal group has observed that tilted membranes
cause the cavity finesse (a statistical measure of the number of round trips a photon makes inside
the cavity before escaping) to decrease. Equivalently, this causes the linewidth of the cavity to
increase. Other researchers have found that tilted membranes cause the allowed mode frequencies
in the cavity to change, and that the allowed mode shapes of the cavity become distorted [12, 13].
However, these effects are not always undesirable. Tilted membranes can lead to avoided-crossing
behavior between the mode frequencies as a function of membrane position, allowing more control
over the optomechanical coupling behavior [14].
A predictive model of a fully 3-dimensional optomechanical cavity could be an important
tool for future researchers. Understanding the geometry behind the optomechanical interaction is
important for designing next-generation cavities. New cavity designs could allow higher precision
2in existing experiments and open up new avenues of research. This work could also help diagnose
and analyze problems in existing experiments.
This paper describes a theoretical and experimental approach to analyzing the effects of tilted
membranes. An introduction to the basic properties of optomechanical cavities is presented first.
Then a theoretical approach using perturbation theory is derived and used to predict certain prop-
erties of the cavity mode structure. Finally, an apparatus for observing these effects (and others)
experimentally is described, and the results of that experiment are compared to the theoretical
model. Some conclusions and a direction for future work in this area are also included.
Chapter 2
Background
2.1 Fabry-Perot Cavities
A Fabry-Perot cavity is a simple stable optical resonator. Two spherical end-mirrors, each
having some radius of curvature R, are placed a distance L apart along a line connecting their
centers (see Figure 2.1).
Figure 2.1: Diagram of a simple stable optical resonator [15].
To simplify certain calculations later, we define the G parameter, G = 1 − L/R. If the
radii of curvature are different, we have a G1 and a G2, one for each mirror. The product of
the G parameters provides a convenient measure of the resonator stability. The stable region is
0 ≤ G1G2 ≤ 1 [16]. From now on we will consider only stable resonators.
There are two complementary ways to think about the operation of a Fabry-Perot cavity.
The first method is the standing wave model (Section 2.2), which uses the Helmholtz equation
to determine the frequencies of standing waves in the cavity by deriving the cavity’s mode struc-
ture. The second method is the reflecting beam model (Section 2.3), which uses repeated reflec-
tions to determine the cavity transmission as a function of frequency for a given mode. The first
4method determines the steady-state behavior of the cavity, while the second method determines
the time/frequency-domain behavior of the cavity.
2.2 Standing Wave Model
We begin by assuming that the mirrors are perfect conductors. This defines two surfaces
where the electric field has zero amplitude. These boundary conditions on the electric field lead
to standing wave solutions for the electric field φ which obey the Helmholtz equation in the region
between the mirrors:
∇2φ+ ω
2
c2
φ = 0, (2.1)
where ∇2 is the Laplacian, ω is the standing wave angular frequency, and c is the speed of light.
The Helmholtz equation is the time-independent form of the standard wave equation. By assuming
that the mirrors are parallel and that the standing wave is collimated along the z-direction, we
can write down an approximate solution family using the paraxial approximation. One particular
solution family is the set of Hermite-Gaussian modes, given by [15, 16]:
φm,n,l(r) =
Hm(
√
2y/w)Hn(
√
2z/w)
w
√
piL 2m+n−1m!n!
e−(y
2+z2)/w2
× eik(y2+z2)/2Rei(m+n+1)Ψe−ikx−ilpi/2,
(2.2)
where the mirrors are displaced in the x-direction (called the longitudinal direction, making y and
z the transverse directions), Hm is the m
th Hermite polynomial, m and n are the transverse mode
indices, l is the longitudinal mode index, k = ω/c is the wavenumber, xR = piw
2
0/λ is the Rayleigh
length, w(x) = w0
√
1 + (x/xR)2 is the beam waist at position x, Ψ(x) = tan
−1(x/xR) is the
Guoy phase shift at position x, and R(x) = (x2 + x2R)/x is the wavefront radius of curvature. For
simplicity, the modes are often labeled by the mode numbers (m,n, l), with l often left unspecified
and omitted, depending on the context. The Hermite-Gaussian modes form an (approximate)
orthonormal basis for electric field standing waves in the cavity.
In general, these solutions are similar to free-space propagating Gaussian beams, but with
the extra boundary condition that the electric field must be zero on the end-mirrors. This means it
5is reasonable to talk about this mode as having things like a “beam” waist, w, or a Rayleigh length
xR. This can be seen by examining all but the last exponential term of φ, which are equivalent to
the terms found in a standard traveling Gaussian beam.
The last term of φ come from the boundary conditions, which further restrict the allowed
frequencies of the modes. This restriction defines the dominant aspect of the mode structure of an
optical resonator: the non-angular free spectral range (FSR), given by
FSR =
c
2L
. (2.3)
For the Hermite-Guassian modes, the free spectral range is the separation between the consecutive
longitudinal modes (m,n, l) = (0, 0, l) and (0, 0, l + 1) [17].
Gaussian beams also acquire an additional phase factor from the Gouy phase shift. This
phase shift appears in the fourth term of φ and is given by [18]:
Ψ(x) = − arctan(x/xR), (2.4)
where xR is the Rayleigh length of the mode. Since the electric field is zero on the mirrors, a phase
shift manifests as a frequency shift: a different number of wavelengths fit inside the cavity.
The mode frequency shift caused by the Gouy phase shift, in terms of the cavity length L,
G parameters G1 and G2, and the mode indices m and n is given by [16]:
δω =
pic
L
(m+ n+ 1)
arccos
(√
G1G2
)
pi
. (2.5)
Since pic/L is the (angular) free spectral range, the angular frequency of a mode (m,n, l) is
ω(m,n, l) =
pic
L
[
l + (m+ n+ 1)
arccos
(√
G1G2
)
pi
]
. (2.6)
To compare how large these two contributions to the frequency are, consider the 5.13 mm
long optical cavity used in this thesis. Such a cavity has a free spectral range of
FSR =
c
2L
≈ 3× 10
8 m/s
2× 5.13 mm ≈ 30 GHz. (2.7)
6Suppose that the mirrors on the cavity are confocal (R = L), so that G1 = G2 = 1−L/R = 0.
Then arccos
√
G1G2 = pi/2, and the frequency shift of the (m,n, l) mode compared to the (0, 0, l)
mode is
δν(m,n) = FSR
m+ n+ 1
2
≈ 15 GHz× (m+ n+ 1). (2.8)
This effect is small compared to the laser frequency, but is a large fraction of the free spectral
range. In reality, we use a half-symmetric resonator with one curved and one flat mirror, so the
frequency shift is less than half of a free spectral range for m+n . 5. Note also that modes with the
same sum of transverse mode numbers m+ n have identical, and therefore degenerate, frequencies
— this degeneracy will be broken when we introduce a tilted membrane into the model in Section
3.
The other effect of the transverse modes is to change the intensity profile of the beam. The
spatial dependence on the transverse mode numbers is given by the Hermite polynomials in the
first term of φ. The Hermite polynomials are given by the generating function
Hn(x) = (−1)n ex2 d
n
d xn
[e−x
2
]. (2.9)
The nth Hermite polynomial is a polynomial of order n. This means that it will have n roots, which
for the case of the Hermite polynomials are all real. Since the nth Hermite polynomial has n real
roots, the electric field will have n nodes in the dimension governed by that Hermite polynomial.
This can be seen by viewing the electric field intensity, |E|2, on a single transverse plane, as shown
in Figure 2.2. Each mode has a number of nodes in each direction given by the mode number
corresponding to that direction. This is slightly ambiguous because the two transverse axes can be
freely rotated – in practice, the orientation of the transverse axes is given by symmetry-breaking
defects in the boundary conditions, such as slight misalignments or aberrations in the mirrors.
7Figure 2.2: Hermite-Gaussian Transverse Mode Intensity Patterns for m, n = 0, 1, or 2.
82.3 Reflecting Beams Model
Instead of considering standing waves, we now consider a beam of monochromatic light (for
example, of one of the frequencies derived in the standing waves model) repeatedly reflecting back
and forth between the mirrors. This beam will constructively interfere with its reflections when
the distance between the mirrors is a multiple of its wavelength. We start with two parallel planar
mirrors with reflectivity R placed a distance L away from each other, as shown in Figure 2.3.
Figure 2.3: Diagram of the Reflecting Beams model. Two mirrors of reflectivity R are separated
by a distance L. A beam of light reflects between the mirrors multiple times, constructively or
destructively interfering with itself.
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A beam of light with wavelength λ enters from the left and reflects (and transmits) mul-
tiple times. By matching boundary conditions on the mirrors, it can be shown that the cavity
transmission spectrum T as a function of phase difference δ is given by
T (δ) =
1
1 + F sin2(δ/2)
, (2.10)
where F = 4R/(1−R)2, and R is the mirror power reflectivity. [19]. As F becomes large, the cavity
transmission as a function of frequency becomes a Lorentzian distribution, as shown in Figure 2.4.
The separation between the peaks of the Lorentzians is the free spectral range (FSR). We also
9define the finesse F = FSR/γ, where γ is the linewidth (full-width at half-max) of the Lorentzian.
The cavity finesse and linewidth are important quantities to understand and control. Measuring
Figure 2.4: The transmission of a Fabry-Perot cavity as a function of a frequency, near a mode.
The curve is a Lorentzian distribution centered on the allowed mode frequency, with an optical
linewidth γ.
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these quantities in the lab is therefore a critical first step in any optomechanics experiment. An
immediate conclusion is to measure the finesse by comparing the circulating power to the input
power:
F ≈ circulating power
input power
. (2.11)
Unfortunately, the implied methodology of this measurement (placing a photodetector inside the
cavity) would prevent operation of the cavity in the first place. An alternate method for computing
the finesse is to determine the total loss in the cavity:
F = 2piL , (2.12)
where L is the sum of losses per reflection in the cavity. For example, if the mirrors have transmission
T1 and T2, with absorption/scattering losses l1 and l2, we could estimate that F = T1 +T2 + l1 + l2
[20]. A decrease in finesse would correspond to increased internal losses. This computation provides
10
an upper bound for how high the finesse of a cavity made from known mirrors can be. For our
cavity, L ≈ 3× 10−6, so F ≈ 33000.
Other methods of calculating the finesse experimentally will be discussed in Section 4.2.
2.4 Cavity Optomechanics
Cavity optomechanics is the study of the interaction between mechanical objects and an opti-
cal cavity. For the purpose of this thesis we are primarily concerned with only one direction of this
interaction: how the mechanical object affects the light in the optical cavity. We are working with
a ”membrane-in-the-middle” optomechanical cavity, where a membrane of thin dielectric material
is inserted into the space between the mirrors. We use 50 nm thick silicon nitride membranes with
an index of refraction of 2 [8].
There are two effects that contribute to this interaction. The first is that the membrane is a
polarizable dielectric material, so the effect of the membrane on the local electric field depends on
the magnitude of the electric field that it intersects [21]. The second effect comes from thinking of
the membrane as dividing the cavity into two weakly-coupled half-cavities. From the perspective
of one of the half-cavities, the other half-cavity outputs light with a phase shift that depends on
the position of the membrane within a wavelength, which will then cause a position-dependent
frequency shift [4].
The interaction strength is characterized by the optomechanical coupling, G.
G =
dω
dx
, (2.13)
where ω is the angular frequency of the standing wave and x is the position of the membrane
inside the cavity. G is simply shorthand for the ideas above: when the membrane moves, the
cavity mode frequencies change. G varies on the scale of a wavelength, as the sub-wavelength
thickness membrane (our membranes are 50 nanometers thick, much thinner than the 1064 nm
optical wavelength) moves across the standing wave.
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2.4.1 Transfer Matrix Model
To calculate the effect of placing a membrane in the cavity, we extend the reflecting beams
model using transfer matrices [20, 4]. This model is purely one-dimensional and does not accommo-
date membrane tilt, but it can be used to check that results from the perturbative model (Section
3) with aligned membranes make sense.
In a transfer matrix model one takes the paraxial approximation for gaussian beams, and
also assumes that the optical components are thin dielectrics. Each element is described by a 2-
dimensional matrix characterizes its thickness, index of refraction, and other properties. The effect
of an optical system on a beam is built up as a product of these matrices. We can then find input
frequencies that make the round-trip phases match up, so that the waves would constructively
interfere. A similar calculation will determine the linewidth and finesse of one of these modes.
Examples of these calculations are shown in Figure 2.6, for different bulk (macroscale) positions in
the cavity as the membrane is scanned along several wavelengths.
12
Figure 2.5: Wavelength-scale variation of the mode frequency for an aligned membrane, calculated
using transfer matrices. Note the asymmetry that develops as the membrane is moved away from
the center of the cavity.
13
Figure 2.6: Wavelength-scale variation of the mode finesse for an aligned membrane, calculated
using transfer matrices. The shape of the curve, magnitude of the variation, and center value of
the variation all change as a function of bulk position in the cavity.
14
2.4.2 Example: Membrane Cooling
As an example of why the linewidth is important, consider a membrane cooling experiment.
Small linewidths, on the order of a megahertz, are critical in membrane cooling experiments. By
examining the joint energy diagram of the optomechanical cavity (Figure 2.7), we see that if we
can force more photons to leave the cavity at the cooling frequency, we can reduce the energy of
the mechanical oscillator, cooling it.
To make this happen, we send a cooling beam that has been red-detuned from the main beam
by the mechanical resonance frequency of the membrane into the cavity. The cavity’s transmission
spectrum reflects its optical quantum state density, so if the optical linewidth is of approximately
the same order as the mechanical frequency there is a large difference between the state density of
the cooling and heating transition frequencies. Under these conditions, more photons are emitted
from the cavity at the cooling sideband than the heating sideband by scattering off of the membrane.
The efficiency of this process is therefore strongly controlled by the relative state density of the
cooling and heating sidebands [8].
15
Figure 2.7: Joint energy states of the optomechanical cavity. The cavity optical frequency is ωL,
and the mechanical resonance frequency of the membrane is ωm.
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Figure 2.8: Optical state density of the cavity. The input laser, cooling transition frequency, and
heating transition frequency are shown in purple, blue, and red, respectively. The state density is
high for the cooling sideband and low for the heating sideband.
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2.5 Previously Observed Membrane Tilt Effects
The most well-studied effect of membrane tilt is that of the frequency shifts of the modes as
a function of membrane position. As addressed in Section 2.4, an aligned membrane produces an
optical frequency shift, which can be varied by moving the membrane along the cavity optical axis.
This shift also exists when the membrane is tilted, and can have even more varied effects. Since
this changes the optical frequencies, it will end up changing the optomechanical coupling g as well.
Two effects are particularly interesting: the frequency shifts develop avoided-crossing behav-
ior, and the frequency-degeneracy of modes with the same sum of transverse mode numbers (m+n)
is broken [14, 12]. We focus on the second effect, which will be illustrated in 3.
Chapter 3
Perturbation Theory for Tilted Membranes
The first major goal of this investigation was to develop a theoretical method for modeling
the tilted membrane problem. We approached this problem using a nearly-degenerate first-order
perturbation theory [12, 13]. In the same vein as the transfer matrix model being an extension of
the reflecting beams model, this is an extension of the standing wave model.
We are looking for solutions of the paraxial Helmholtz equation inside a vacuum bounded by
two perfect mirrors with a tilted dielectric slab somewhere between them. Unfortunately, we can-
not generate exact solutions for non-symmetric cavities (namely, cavities with tilted membranes).
However, if we assume that the frequency shifts caused by the tilted membrane are small relative
to the laser frequency (see Appendix A.1), we can recast the problem as a perturbation on top of
the normal free-space paraxial Helmholtz equation. The resulting formulation becomes a standard
problem in perturbation theory.
3.1 Derivation of the Model
This derivation is presented in three parts: first, a brief overview of the unperturbed solutions
of the paraxial Helmholtz equation. Second, a step-by-step derivation of the perturbation theory,
ending with the general solution. Third, an example of applying the general solution to a specific
computation.
18
3.1.1 Unperturbed Solutions
We begin with the unperturbed paraxial Helmholtz equation:
∇2φ+ ω
2
c2
φ = 0. (3.1)
From Section 2.2, we know that the solutions to this equation are given by:
φm,n,l(r) =
Hm(
√
2y/w)Hn(
√
2z/w)
w
√
piL 2m+n−1m!n!
e−(y
2+z2)/w2
× eik(y2+z2)/2Rei(m+n+1)Ψe−ikx−ilpi/2,
(3.2)
These solutions are not particularly convenient, since they are complex-valued. This would
necessitate using complex inner products later in the derivation. To avoid this additional complex-
ity, we redefine φj(r) by multiplying by
√
2 (to preserve the normalization) and taking the real
part. We also replace the (m,n, l) index notation by the single index j, or omit it altogether.
φj(r) =
√
2 Re[
Hm(
√
2y/w)Hn(
√
2z/w)
w
√
piL 2m+n−1m!n!
e−(y
2+z2)/w2
× ei(m+n+1)Ψeik(y2+z2)/2Re−ikx−ilpi/2].
(3.3)
Now φ(r) is a normalized function proportional to the electric field amplitude at r. This is
fine, because we aren’t interested in the phase of the field, only its amplitude. Collectively, the φ
form an approximate orthonormal basis for any electric field in space, and thus for any field inside
the cavity (see Appendix A.2 for some elaboration on this point). Specifically, these φ form the
basis set of unperturbed solutions, which we’ll expand the perturbed solution in.
3.1.2 Perturbed Solutions
To perturb the problem we add the membrane, a dielectric slab entire contained in the region
between the mirrors. This perturbs the Helmholtz equation by changing the index of refraction in
a small region:
∇2ψ + ω
2
c2
(1 + V (r))ψ = 0. (3.4)
19
V (r) is a piecewise function such that
V (r) =

0 outside the membrane
n2 − 1 inside the membrane
(3.5)
where n is the index of refraction of the membrane. Then when V (r) = 0 the second term is the
familiar ω2/c2, and when V (r) = n2 − 1 the second term becomes ω2(1 + n2 − 1)/c2 = ω2n2/c2,
which is what we expect the squared wavenumber k2 to be inside a dielectric medium.
Now we expand ψ, the perturbed solution, in terms of the empty-cavity modes φi (which we
can do because they are an orthonormal basis for any field in the cavity):
ψ(r) =
∑
i
aiφi(r), (3.6)
where the ai are constants to be determined. We define a new eigenvalue
ω2
c2
= k2 for the frequency
of the perturbed mode. We assume that ω is very close (on the order of a single free spectral range
[13]) to the unperturbed mode’s angular frequency. We can then substitute (3.6)) into (3.4):
[∇2 + (1 + V (r))k2] [
∑
j
ajφj(r)] = 0. (3.7)
To generate a system of equations, we take the inner product of this equation with each of
the empty-cavity modes φj(r) by multiplying (3.7) by φj(r) and integrating over the cavity volume
V. ∫
V
[∇2 + (1 + V (r))k2] [
∑
j
aiφi(r)]φj(r) dV = 0. (3.8)
Next we distribute the product and move φj(r) into the sums where possible. By splitting the
integral across addition, we arrive at an integral with three distinct terms.∫
V
[∇2
∑
i
aiφi(r)]φj(r) dV
+ k2
∫
V
[
∑
i
aiφi(r)φj(r)] dV
+ k2
∫
V
V (r)[
∑
i
aiφi(r)φj(r)] dV = 0.
(3.9)
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We’ll now simplify each term individually. To evaluate the first term, note that the free-space wave
equation implies that for each φi, we have
∇2φi(r) + ω
2
i
c2
φi(r) = 0
∇2φi(r) = −ω
2
i
c2
φi(r)
∇2φi(r) = −k2i φi(r).
(3.10)
Substituting this relationship into the first term of (3.9) and switching the order of the sum and
derivative gives us ∫
V
[∇2
∑
i
aiφi(r)]φj(r) dV =
∫
V
[
∑
i
∇2aiφi(r)]φj(r) dV
=
∫
V
[
∑
i
−k2i aiφi(r)]φj(r) dV.
(3.11)
We can then switch the order of the sum and integral and utilize the orthonormality of the φi to
simplify this further to∫
V
[
∑
i
−k2i aiφi(r)φj(r) dV =
∑
i
∫
V
[−k2i aiφi(r)φj(r)]] dV
=
∫
V
−k2jajφj(r)2 dV
= −k2jaj .
(3.12)
To simplify the second term of (3.9), we again switch the order of the sum and integral and
utilize the orthonormality of the φi:
k2
∫
V
∑
i
aiφi(r)φj(r) dV = k
2
∑
i
∫
aiV
φi(r)φj(r) dV
= k2
∫
V
ajφj(r)
2 dV
= k2aj .
(3.13)
In the third term of (3.9), we yet again interchange the sum and integral. Then, defining∫
V V (r)φi(r)φj(r) dV ≡ Vij for simplicity:
k2
∫
V
V (r)[
∑
i
aiφi(r)φj(r)] dV = k
2
∑
i
aiVij (3.14)
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We now substitute Equations (3.12), (3.13), and (3.14) into Equation (3.9) and divide by k2.
This gives us a fairy compact relationship for each aj .
(1− k2j /k2)aj +
∑
i
aiVij = 0 (3.15)
Equation (3.15) represents an infinite-dimensional system of equations, each generated by a
different j. If we assume that only some finite number (n) of the aj are non-negligible, this system
can be represented as a finite-dimensional matrix equation:
V11 + (1− k21/k2) V12 · · · V1n
V21 V22 + (1− k22/k2) · · ·
...
...
...
. . .
...
Vn1 · · · · · · Vnn + (1− k2n/k2)


a1
a2
...
an

= 0 (3.16)
This matrix contains all the information we need to solve for the perturbed modes. We’ll
now look at a specific (simple) case to show how to extract that information.
3.1.3 A Specific Case
To get the above matrix equation into a form that we can actually solve, we need to simplify it
a bit more. To do so, we need to choose our φi(r). For simplicity, we choose φs ≡ φl,0,0, φy ≡ φl,2,0,
φa ≡ φl,1,1, and φz ≡ φl,0,2. To continue simplifying, we then parameterize k2 in terms of the known
k2i by defining k
2 ≡ k2s(1 − δ) and k2y,a,z = k2s(1 + r). This means that δ represents the fractional
phase shift of k2 relative to k2s , and r is the fractional separation of the singlet and triplet modes
caused by the Guoy phase shift.
We’ll solve for δ, but first we need to calculate r. Higher-order Hermite-Gaussian modes
(n or m > 0) have small frequency shifts relative to the n = m = 0 mode. This will correspond
to a small shift in the squared wavenumber k2. The frequency of a Hermite-Gaussian mode for a
cavity with free spectral range FSR, longitudinal mode number l, and transverse mode numbers m
and n is given by
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ν = FSR × [l + (m+ n)Ψ(δL)
2pi
] (3.17)
where Ψ(δL) is the round-trip Gouy phase in the cavity, equal to twice the Guoy phase shift
from the length of the cavity L [16]. For comparing a mode j to a mode i, the round-trip Gouy
phase difference is
r =
(
li +
mi+ni
pi tan
−1( δLxR )
li
)2
− 1 (3.18)
Plugging in our new definition of k2i and removing doubly-small terms (r × δ or any other
powers of r and δ higher than one), we write our problem as a matrix equation:

Vss − δ Vsy Vsa Vsz
Vsy Vyy − g − δ Vya Vyz
Vsa Vya Vaa − g − δ Vaz
Vsz Vyz Vaz Vzz − g − δ


as
ay
aa
az

= 0 (3.19)
Equation (3.19) is exactly the form of an eigenvalue problem with eigenvalue δ. It can be
solved as such, yielding a set of eigenvectors and associated eigenvalues (δk) in terms of the Vij and
r. The Vij can be calculated numerically. Note that while the inner product integral is over the
whole cavity the function V (r) is only nonzero inside the membrane, so the numerical integration
region can be very small relative to the overall size of the cavity.
The eigenvectors and eigenvalues tell us what our perturbed modes are. Each eigenvector
has the form vk = [cks c
k
y c
k
a c
k
z ] describing a linear combination of unperturbed eigenmodes, along
with a frequency ωs(
√
1 + δk), where k = 1, 2, 3, 4 is an index for the four eigenvectors. We now
have the ai to plug in to 3.6:
ψk = a
k
sφs + a
k
yφy + a
k
aφa + a
k
zφz
ωk = ωs
√
1 + δk
(3.20)
From here, the computational accuracy can be increased by including more modes in the
initial set. For example, we could include the nearby (1, 0) and (0, 1) transverse modes, or add
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another full set of transverse modes at a nearby longitudinal mode number. Unfortunately each
added mode increases the computation time geometrically, so it can grow out of control very quickly.
3.2 Predictions: Scanning the Membrane Position
The perturbation theory developed above allows us to examine the effects of a variety of
variables on the mode frequencies of the optomechanical cavity. Here we’ll focus on the variation
of the mode frequency shifts for a variety of membrane positions and tilts.
As in the one-dimensional case, scanning the membrane position produces a periodic sinu-
soidal variation in the cavity mode frequencies. Figure 3.1 shows that the perturbation theory
predicts the same unperturbed frequency spectrum as we calculated using the transfer matrix
model.
Tilting the membrane breaks the symmetry of the cavity, which breaks the degeneracy be-
tween modes that have the same sum of transverse mode numbers (m+n). The formerly-degenerate
modes split further apart as the membrane becomes more tilted.
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(a) Full frequency range, showing all of the modes in the calculation.
(b) Zoomed frequency range, focusing on the four modes with the center longitudinal mode
number.
Figure 3.1: Frequency shifts relative to the unperturbed (0, 0) mode of the (0, 0) and triplet (1, 1),
(2, 0), and (0, 2) modes as a function of membrane position for several longitudinal modes. The
membrane is perfectly aligned.
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(a) Full frequency range, showing all of the modes in the calculation.
(b) Zoomed frequency range, focusing on the four modes with the center longitudinal mode
number.
Figure 3.2: Frequency shifts relative to the unperturbed (0, 0) mode of the (0, 0) and triplet (1, 1),
(2, 0), and (0, 2) modes as a function of membrane position for several longitudinal modes. The
membrane is tilted by 1 mrad.
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(a) Full frequency range, showing all of the modes in the calculation.
(b) Zoomed frequency range, focusing on the four modes with the center longitudinal mode
number.
Figure 3.3: Frequency shifts relative to the unperturbed (0, 0) mode of the (0, 0) and triplet (1, 1),
(2, 0), and (0, 2) modes as a function of membrane position for several longitudinal modes. The
membrane is tilted by 2 mrad.
Chapter 4
Experimental Apparatus
4.1 Experimental Apparatus
The central piece of the experiment is a 5.13 millimeter Fabry-Perot cavity. A “diving board”
setup is used to lower a membrane into the open space inside the cavity. A signal beam (wavelength
1064 nanometers with 27.41 MHz frequency sidebands) is steered into the cavity, interacts with the
membrane, exits the cavity, and is then split into a camera and a photodetector.
This setup provides control over three variables with regards to the optomechanical cavity:
the length of the cavity, the position of the membrane in the cavity (both bulk and wavelength-
scale), and the tilt angle of the membrane relative to the cavity optical axis. The first two variables
are controlled by piezo actuators, while the tilt angle is controlled by adjusting a high-precision
mirror mount that the membrane’s diving board is attached to.
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Figure 4.1: Experimental Setup.
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4.2 Measurement Techniques
4.2.1 Cavity Ringdown Measurement
A more useful measure of the cavity finesse can be derived by noting that the circulating
power is related to the input power by the decay time of light in the cavity. A simple way of
measuring the cavity finesse is to perform a cavity ringdown measurement, which is analogous to
determining the quality factor of a damped mechanical oscillator by observing how long it takes
for its motion to decay after removing an external driving force.
In our system, one of the cavity mirrors is quickly swept over a small distance, so that the
cavity’s mode frequencies are changing very rapidly. If one of these frequencies is equal to the
input laser frequency at some point in the sweep, a small amount of light will enter the cavity. The
cavity then “rings down” as the light leaves the cavity. Observing the intensity of the light leaving
the cavity as a function of time (say, on a photodector attached to an oscilloscope) produces an
exponential decay curve [22]. The time constant τ of this exponential decay is related to the finesse
by F = c pi τ/L.
Unfortunately, we have found that this measurement is highly vulnerable to experimenter
bias. We have found that by manually choosing the fit start location, it is possible to vary the
finesse by ≈ 10000, nearly a third of what we think the finesse of the cavity should be based on
theoretical calculations (see Equation (2.12)). The following three fits (Figure 4.2) are for the same
ringdown measurement and look similar to the eye, but give finesses which vary considerably.
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(a) F = 35000
(b) F = 30000
(c) F = 34000
Figure 4.2: Ringdowns, plotted on a log-linear scale for clarity. Note that while all three fits seem
reasonable by eye, the finesse varies from 30000 to 35000.
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4.2.2 Laser Modulation and Direct Linewidth Measurement
To avoid the possible bias of the ringdown finesse measurement, we devised a technique
to measure the linewidth in the frequency spectrum directly. Unfortunately, this is not possible
by merely examining a transmission peak as the cavity is scanned over it, because we would be
measuring the cavity transmission as a function of cavity length for a fixed signal beam frequency,
while we are interested in the cavity transmission as a function of signal beam frequency.
Before the signal beam enters the cavity it is modulated by an electro-optic modulator,
adding two sidebands to the original beam. As the cavity scans over the sidebands they will form
smaller peaks in the cavity transmission spectrum, allowing a local conversion between wavelength
and cavity length. The relationship between cavity length and cavity transmission frequency is
nonlinear (ωα1/L), but can be approximated as a linear function over small regions. To find this
function, we find the displacement of the sidebands in the time scan, use the known frequency
distance to the sidebands to get the conversion ratio, fit the Lorentzian to find the time linewidth,
and convert that to the frequency linewidth γ. This process is shown graphically in Figure 4.3.
Using this method, we determined that the finesse of the empty cavity is 32000, consistent
with both the ringdown measurements and the theoretical prediction.
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(a) Determining the conversion ratio between time and frequency in the direct linewidth
measurement.
(b) Fitting the center Lorentzian to find the time linewidth.
Figure 4.3: Transmission spectrum as a function of frequency and membrane position, plotted as
a heatmap. The membrane is nearly aligned in the experimental plot, and is perfectly aligned in
the theory plot.
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4.3 Frequency Measurements
To extract the frequency response of the optomechanical cavity, we used a method similar to
that of [14]. Since we cannot scan our laser frequency, we instead scan our cavity length to change
the free spectral range. We do this with a piezo actuator being run on a triangle wave so that
the cavity length changes linearly as a function of time. By stepping through membrane positions
with another piezo actuator controlled by the computer, we can build up a “heatmap” image of the
cavity transmission plotted against the cavity length and membrane position. The cavity length
then maps nonlinearly to the allowed mode frequency, so that on the plots below in Figures 4.4b,
4.5b, and 4.6b, the y-axis is not a absolute map of frequencies, but only an arbitrary scaling of such
a map.
Nevertheless, this data shows that as the membrane tilts, the cavity’s mode frequencies shift
as expected from the theory in Chapter 3. At small tilts (Figure 4.4), the doublet and triplet modes
are nearly degenerate, while at larger tilts (Figures 4.5 and 4.6) they separate more and more.
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(a) Theory
(b) Experiment
Figure 4.4: Transmission spectrum as a function of frequency and membrane position, plotted as
a heatmap. The membrane is nearly aligned in the experimental plot, and is perfectly aligned in
the theory plot. Darker regions indicate higher transmission. From top to bottom, the darkest
continuous modes are the (0, 0) mode; the (0, 1) and (1, 0) double; and the (1, 1), (2, 0), and (0, 2)
triplet.
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(a) Theory
(b) Experiment
Figure 4.5: Transmission spectrum as a function of frequency and membrane position, plotted as
a heatmap. The membrane is tilted by ≈ 1 mrad in the experimental plot, and by exactly 1 mrad
in the theory plot. Darker regions indicate higher transmission. From top to bottom, the darkest
continuous modes are the (0, 0) mode; the (0, 1) and (1, 0) double; and the (1, 1), (2, 0), and (0, 2)
triplet.
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(a) Theory
(b) Experiment
Figure 4.6: Transmission spectrum as a function of frequency and membrane position, plotted as
a heatmap. The membrane is tilted by ≈ 2 mrad in the experimental plot, and by exactly 2 mrad
in the theory plot. Darker regions indicate higher transmission. From top to bottom, the darkest
continuous modes are the (0, 0) mode; the (0, 1) and (1, 0) double; and the (1, 1), (2, 0), and (0, 2)
triplet.
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4.4 Finesse Measurements
Similar to the method we used for the empty cavity, we decided to measure the finesse by di-
rectly measuring the linewidth while the membrane is stepped through many small position changes.
We developed computer control and analysis routines to perform this measurement automatically
for large numbers of data points. This would have been a vast improvement over the imprecise and
low-density ringdown finesse measurements that we have performed in the past. Unfortunately,
this first implementation has encountered serious noise problems, which can be easily observed in
Figure 4.7b.
We believe that this noise comes principally from large mechanical objects in the setup. This
scan was performed as a very low cavity length piezo driving frequency of ≈ 100 Hz, leaving the
experiment open to mechanical noise from four primary sources:
(1) Membrane Translation Stage noise. The translation stage that the membrane diving board
is attached to is not particularly stable, and the membrane is at the end of two long lever
arms that could amplify mechanical motion from other parts of the system.
(2) Membrane Piezo Actuator noise. If the physical piezoelectric device is noisy, it could change
the actual x position of a given data point from where we expect it to be.
(3) Cavity Length noise. This is caused by fluctuations in the temperature of the room and
local air currents. As the cavity expands and contracts, the free spectral range may change
beyond the normal change caused by the cavity length scan.
(4) Mirror Piezo Acutator noise. Again, if the physical piezoelectric device is noisy, the actual
cavity length may not be what we expect it to be at any given point.
As the membrane is tilted to larger angles (Figure 4.8) these effects become more pronounced.
Additionally, the underlying sinusoidal shape becomes distorted. We currently have no theory for
finesse for tilted membranes, so this is exciting new territory to examine.
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(a) Theory
(b) Experiment
Figure 4.7: Finesse as a function of membrane position for the (0, 0) mode. The membrane is nearly
aligned in the experimental plot, and is perfectly aligned in the theory plot.
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Figure 4.8: Finesse as a function of membrane position for the (0, 0) mode. The membrane is tilted
by ≈ 2 mrad.
Regardless of the noise, it is clear that there is an underlying periodic sinusoidal signal present
in the data at both tilts. We are confident that this measurement can be improved, and that it
will prove to be a much more accurate and reliable measure of the cavity finesse than ringdown
measurements.
Chapter 5
Conclusions and Future Work
This project had two major goals: develop a theoretical framework for analyzing membrane
misalignment effects, and develop an experiment to investigate those same effects. Both efforts
have been largely successful.
The perturbation theory developed in Chapter 3 provides a powerful tool for analyzing the
mode structure of cavities for a variety of possible inputs. In Chapter 3 we only worked with mem-
brane position, membrane tilt, and cavity length, but the model can also accommodate changing
variables like the membrane’s index of refraction or thickness. As a byproduct of the frequency
calculation, it also provides information about how the transverse mode shapes become mixed,
producing distorted intensity patters.
The next step on the theory side of the project is to predict the finesse and other dynamic
quantities of the cavity. This will allow us to match both the frequency and finesse measurements
to a theoretical model.
The major accomplishment on the experimental side of the project was to construct an
experiment that accepts computer automation and performs rapid membrane position scans. In
the past, these kinds of scans have been done by hand and were thus necessarily low-resolution.
We have developed fast automated routines for measuring the frequency spectrum and finesse
of the cavity as a function of membrane position, allowing for better, faster, and more reliable
characterization of optomechanical cavities.
The frequency measurements clearly show that the experiment is working as expected: the
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tilted membrane breaks the symmetry in the cavity and perturbs the mode frequencies, breaking
degeneracies and changing the optomechanical coupling. The next goal is to “zoom in” and examine
avoided crossing behavior in the frequency spectrum.
However, much work remains to be done regarding the finesse measurements. The ease of
doing this experiment in air and at room temperature, with a membrane whose bulk position in
the cavity can be changed freely, is balanced by the extra noise that these freedoms add to the
measurement.
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Appendix A
Notes on Perturbation Theory for Tilted Membranes
A.1 Perturbative Assumption Validity
We expect the frequency shift to be small relative to the laser frequency because we expect
it to be on the order of a free spectral range. As a rough argument, think of the membrane as a
wavelength-thick slab of dielectric material with index of refraction n = 2. Inside the membrane,
the wavelength of the optical standing wave is halved, so we get two full wavelengths instead of
one. This would change the longitudinal mode number l of that mode by 1, which is equivalent to
shifting the frequency by a free spectral range. Since the membrane is only 50-100 nm thick, we
expect the frequency shift to be less than a full free spectral range.
A.2 Hermite-Gaussian Mode Orthonormality
The Hermite-Gaussian modes do not quite form an orthonormal basis for R3 because they
are only approximate solutions to the Helmholtz equation (using the paraxial approximation).
However, this is not a problem (at least numerically) for two reasons:
(1) The Hermite-Gaussian modes are symmetric around the plane x = 0.
(2) The Hermite-Gaussian modes decay to 0 rapidly within a few beam waists of the propaga-
tion axis.
These two features indicate that as long as we integrate over a symmetric (around x = 0)
volume with a few beam waists of y - z distance, we expect the functions to be “orthonormal enough”
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for the derivation in section 3 to hold. This works better with larger longitudinal mode number l,
since we expect any small deviation from exact cancellation to average out after integrating over
many wavelengths. All of our test cavities use modes with l ≈ 105, which is sufficiently large that
the mode inner products differ from expected values by less than a part in 104.
A.3 Describing Half-Symmetric Resonators
The geometry that the derivation describes has two spherical end-mirrors (the “symmetric”
configuration), while the experimental cavities we use in the lab have one spherical and one planar
end-mirror (a “half-symmetric” configuration). The transformation between these geometries is
simple: our half-symmetric geometry acts like a double-length version of the symmetric geometry
[16].
The solutions in our case are the same Hermite-Gaussian modes as the original solution but
only include the odd longitudinal modes, such that the electric field is zero at the center of the
cavity (where our planar mirror is). Thus we need to use an ”effective” length of 2L when describing
our cavity modes, but exclude the longitudinal modes l = 0, 2, · · · , 2n where n is an integer.
A.4 Hermite-Gaussian Modes at the Mode Waist
Unfortunately, the Hermite-Gaussian modes defined in Equation (3.2) are ill-defined at x = 0
due to a division by zero problem (in the contribution to the phase by the radius of curvature).
This is not a problem since it is a single point and the function is well-behaved near it. It can be
safely excluded from the numerical integral with no effect on the final value.
A.5 Defining the Membrane Region
A simple way to do this is to use the Heaviside step function:
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Θ(n) =

0 n < 0
1 n ≥ 0
. (A.1)
Then we can write V (r) as
V (r) = (n2 − 1)[Θ(x− (xc − t/2)) + Θ((xc + t/2)− x)− 1], (A.2)
where xc is the plane through the center of the membrane (xc = x0+αyy+αzz for some center
position x0 and small membrane tilt angles αy and αz), and t is the thickness of the membrane.
This function is equal to 0 everywhere except on x = [xc − t/2, xc + t/2], where it is n2 − 1.
